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SZEGO˝ KERNEL EXPANSION AND EQUIVARIANT EMBEDDING OF CR
MANIFOLDS WITH CIRCLE ACTION
HENDRIK HERRMANN, CHIN-YU HSIAO, AND XIAOSHAN LI
ABSTRACT. LetX be a compact strongly pseudoconvex CRmanifold with a transver-
sal CR S1-action. In this paper, we establish the asymptotic expansion of Szego˝
kernels of positive Fourier components and by using the asymptotics, we show
that X can be equivariant CR embedded into some CN equipped with a simple
S1-action. An equivariant embedding of quasi-regular Sasakian manifold is also
derived.
1. INTRODUCTION
Let X be a compact strongly pseudoconvex CR manifold. The question of
whether or not X admits a CR embedding into a complex Euclidean space has
attracted a lot of attention. By a theorem of Boutet de Monvel [6], any compact
strongly pseudoconvex CR manifold of dimension greater than or equal to five can
be CR embedded into CN for some N . The classical example of non-embeddable
three dimensional strongly pseudoconvex CR manifold given by Rossi [33] (see
also [2]) showed that an arbitrary real analytic deformation of the standard CR
structure on the three-sphere may fail to be embeddable. There exists an exten-
sive literature on the embaddability of deformed CR structures. For this subject,
we refer the reader to [3, 28, 14, 10, 11] and the references therein. Given a com-
pact strongly pseudoconvex CR manifold equipped with a locally free transversal
CR S1-action, it was shown in [28, 29] and also [27] that X can always be CR
embedded into some complex space.
In this work, we attack the embedding problem for compact strongly pseudo-
convex CR manifolds equipped with a transversal CR circle action from a pure
analytic point of view. More precisely, we develop an asymptotic expansion for the
Szego˝ kernels (Sm, see Section 2.2) concerning CR functions which lie in the space
of positive Fourier components (H0b,m(X), see Definition 1.8). Our main results in-
volving that features are Theorem 2.6 and Theorem 2.7 which we deduce from a
general result about Szego˝ kernel expansion (see Theorem 2.4) using partially the
machinery developed by the second and third named authors in [22, 23]. Theo-
rem 2.6 describes the expansion on the regular part, i.e. the part of the manifold
where S1 acts globally free. Here, the expansion works out well. Difficulties occur
on the complement of the regular part, but we can still prove some expansion as
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2stated in Theorem 2.7. Roughly speaking, the problem is that the leading term of
the expansion does not change smoothly (even not continuously) from the regular
part to its complement.
Inspired by a work of the second named author [19], our second main result
in this paper is using Theorem 2.6 and Theorem 2.7 to construct a CR embedding
which is equivariant with respect to a simple S1-action on CN (see Theorem 1.2 ).
Recently, Hsiao-Li-Marinescu [24] established the Kodaira embedding theorem for
CR manifolds with circle action which complements the results of this paper with
the study of the embedding in the presence of a positive line bundle but without
the hypothesis of strict pseudoconvexity.
Before we state the precise embedding result, let us see some examples of com-
pact strongly pseudoconvex CR manifolds in CN to get an idea how such simple
S1-actions could look like.
Example I: Let X =
{
(z1, z2, . . . , zn) ∈ Cn : |z1|2 + |z2|2 + |z3|2 + · · ·+ |zn|2 = 1
}
which is a CR manifold with a transversal CR S1-action (see Definition 1.5):
eiθ ◦ (z1, z2, . . . , zn) = (eim1θz1, eim2θz2, . . . , eimnθzn),
where (m1, . . . , mn) ∈ Nn.
Example II:X =
{
(z1, z2, z3) ∈ C3 : |z1|2 + |z2|2 + |z3|2 + |z21 + z2|4 + |z32 + z3|6 = 1
}
.
Then X admits a transversal CR locally free S1-action:
eiθ ◦ (z1, z2, z3) = (eiθz1, e2iθz2, e6iθz3).
Definition 1.1. We say that an S1-action eiθ on CN is simple if
eiθ ◦ (z1, . . . , zN) = (eim1θz1, . . . , eimNθzN ), ∀(z1, . . . , zN) ∈ CN , ∀θ ∈ [0, 2π),
where (m1, . . . , mN ) ∈ NN . The minimal weight of a simple S1-action on CN is given
by min
1≤j≤N
mj .
Our goal is to prove the following equivariant embedding theorem for compact
strongly pseudoconvex CR manifolds which admit a transversal CR S1-action.
Theorem 1.2. Let (X, T 1,0X) be a compact strongly pseudoconvex CR manifold with
a transversal CR locally free S1-action eiθ. Then, for any m0 ∈ N we can find N ∈ N,
a simple S1-action on CN with minimal weight bigger than m0 and an equivariant
CR embedding
Φ : X → CN , x 7→ (Φ1(x), . . . ,ΦN (x)).
More precisely, Φ is an embedding, Φ1, . . . ,ΦN are CR functions and there exist
m1, . . . , mN ∈ N, mj > m0 for j = 1, . . . , N , such that
Φ(eiθ ◦ x) = (eim1θΦ1(x), . . . , eimNθΦN(x)) = eiθ ◦ Φ(x), ∀x ∈ X, ∀θ ∈ [0, 2π),
where the simple S1-action onCN is given by eiθ◦(z1, · · · , zN) = (eim1θz1, · · · , eimNθzN ).
The equivariance, where a lower bound for the minimal weight of the simple
S1-action on the embedding space can be chosen arbitrarily large, distinguishes
Theorem 1.2 from the embedding results mentioned at the beginning of this sec-
tion.
An application of Theorem 1.2 is an equivariant embedding result for quasi-
regular Sasakianmanifolds. Sasakianmanifolds have gained prominence in physics
3and algebraic geometry, especially in String theory (see [7, 8]). Let X be a com-
pact smooth manifold of dimension 2n − 1, n ≥ 2. The triple (X, g, α) where g is
a Riemannian metric and α a real 1-form is called Sasakian manifold if the cone
C(X) = {(x, t) ∈ X × R>0} is a Ka¨hler manifold with complex struture J and
Ka¨hler form t2dα+2tdt∧α which are compatible with the metric t2g+ dt⊗dt (see
[4], [8], [16], [31], [32]). As a consequence, X is a compact strongly pseudo-
convex CR manifold and the Reeb vector field ξ, defined by α(·) = g(ξ, ·), induces
a transversal CR action on X. If the orbits of ξ are closed, the Sasakian struc-
ture is called quasi-regular. In this case, the Reeb vector field generates a locally
free transversal CR S1-action on X. We thus can identify a compact quasi-regular
Sasakian manifold with a compact strongly pseudoconvex CR manifold (X, T 1,0X)
with a transversal CR locally free S1-action where the induced vector field of the
S1-action coincides with the Reeb vector field on X. From Theorem 1.2, we get
Theorem 1.3. Let X be a quasi-regular Sasakian manifold which admits a transver-
sal CR S1-action induced by the Reeb vector field. For any m0 ∈ N, there is an
equivariant CR embedding of X into some CN equipped with a simple S1-action with
minimal weight bigger than m0.
The paper is organized as follows. In the rest of this section we will give an
outline of the idea of the proof of Theorem 1.2 and introduce some terminology.
Section 2 contains the proofs of the results on Szego˝ kernel expansion for positive
Fourier components. The embedding result (Theorem 1.2) is proven in Section 3.
1.1. The idea of the proof of Theorem 1.2. We refer the reader to Section 1.2,
Section 1.3 and Section 1.4 for some notations and terminology used here. Assume
that (X, T 1,0X) is a compact connected strongly pseudoconvex CR manifold of
dimension 2n − 1, n ≥ 2, with a transversal CR locally free S1-action eiθ. Let
T denote the vector field induced by the S1-action and let ∂b be the tangential
Cauchy-Riemann operator on X. For every m ∈ N, let H0b,m(X) := {u ∈ C∞(X) :
∂bu = 0, Tu = imu} be the m-th positive Fourier component of the space of global
smooth CR functions. The main inspiration of this paper is the following: In
[23] the second and third-named author have shown that dimH0b,m(X) ≈ m
n−1
as m → ∞. Hence, the space of CR functions which lie in the positive Fourier
components is very large and we therefore ask whether X can be CR embedded
into some CN by CR functions which lie in the positive Fourier components. In this
work we give an affirmative answer to this question and as a corollary, we deduce
Theorem 1.2. More precisely, we will prove
Theorem 1.4. Let X be a compact connected strongly pseudoconvex CR manifold
with a locally free transversal CR S1-action. Then X can be CR embedded into some
complex space by the CR functions which lie in the positive Fourier components.
Motivated by the second-named author’s work on the Kodaira embedding theo-
rem ([19], [20], [21]), we will use the asymptotic expansion of the Szego˝ kernel
with respect to H0b,m(X) to prove Theorem 1.2. For every k ∈ N, let Xk and Xreg
be defined as in (1.3). Let {fj}dmj=1 ⊂ H0b,m(X) be an orthonormal basis. The m-th
4Szego˝ kernel Sm(x, y) is given by Sm(x, y) :=
∑dm
j=1 fj(x)fj(y). Let us first consider
Ψ1m : X → Cdm , x 7→ (f1(x), . . . , fdm(x)).
We notice that Sm(x, y) = 0 on Xk if k ∤ m. From this observation, we see that
X \Xreg 6= ∅ implies that Ψ1m can not be an embedding even if m is large. Suppose
X = X1 ∪ X2 ∪ · · · ∪ Xl. For 1 ≤ k ≤ l, let {fkj }dkmj=1 be an orthonormal basis of
H0b,km(X). We next consider the map
Ψm : X → CN˜m ,
x 7→ (f 11 (x), . . . , f 1dm(x), f 21 (x), . . . , f 2d2m(x), . . . , f l1(x), . . . , f ldlm(x)),
where N˜m = dm+ d2m+ · · ·+ dlm. In Section 2.3, we will show that on a canonical
coordinate patch D ⊂ Xreg with canonical coordinates x = (z, θ), we have
Sm(x, y) ≡ 1
2π
eim(x2n−1−y2n−1+Φ(z,w))bˆ(z, w,m) mod O(m−∞),
bˆ(z, w,m) ∼
∞∑
j=0
mn−1−j bˆj(z, w), bˆj(z, w) ∈ C∞(D ×D), j = 0, 1, 2, · · · ,
bˆ0(z, z) 6= 0
(1.1)
(see Theorem 2.6). Moreover, for fixed x0 ∈ Xk, k > 1, one finds that k ∤ m implies
Sm(x, x0) = 0 and that k | m leads to
(1.2) Sm(x, x0) ≡ k
2π
eim(x2n−1+Φ(z,0))bˆ(z, 0, m) mod O(m−∞)
for some canonical coordinate patch D with canonical coordinates x = (z, θ),
x0 ∈ D, (z(x0), θ(x0)) = (0, 0) (see Theorem 2.7). It should be mentioned that
(1.1) and (1.2) are based on Boutet de Monvel-Sjo¨strand’s classical result on Szego˝
kernels [9] (after the seminal work [15] of Fefferman) and the complex stationary
phase formula of Melin-Sjo¨strand [30]. From (1.1) and (1.2), we can check that
Ψm is an immersion if m is large. But Ψm is not globally injective: in general,
assume that m is even, then we can not separate the points p ∈ Xk and eipik ◦ p,
where k > 1. To overcome this difficulty, let {gkj }dk(m+1)j=1 be an orthonormal basis of
H0b,k(m+1)(X) for 1 ≤ k ≤ l. For any k, 1 ≤ k ≤ l, we define a CR map from X to
Euclidean space as follows
Φkm : X → Cdkm+dk(m+1) , x 7→ (fk1 (x), · · · , fkdkm(x), gk1(x), · · · , gkdk(m+1)(x)),
and we set
Φm : X → CNm , x→ (Φ1m(x), · · · ,Φlm(x)),
where Nm =
l∑
k=1
(dkm + dk(m+1)). We thus try to prove that Φm is globally injective.
It is not difficult to see that Φm can separate the points p ∈ Xk and eiθ ◦ p, where
p 6= eiθ ◦ p, ifm is large enough. But another difficulty comes from the fact that the
expansion (1.1) converges only locally uniformly on Xreg and on X \Xreg, we can
only get an expansion of Sm(x, x0) for fixed x0 ∈ X \Xreg and this causes that Φm
could not be globally injective. To overcome this difficulty, we analyze carefully
the behavior of the Szego˝ kernel Sm(x, y) near the complement of Xreg and in
5Section 3.2, we can construct many CR functions h1, . . . , hK with large potentials
near the complement of Xreg which lie in the positive Fourier components such
that the map
x ∈ X → (Φm(x), h1(x), . . . , hK(x)) ∈ CNm+K
is an embedding if m is large (see Theorem 3.3). This finishes the proof of Theo-
rem 1.4.
1.2. Set up and terminology. Let (X, T 1,0X) be a compact connected orientable
CR manifold of dimension 2n − 1, n ≥ 2, where T 1,0X is the CR structure of X.
That is T 1,0X is a subbundle of the complexified tangent bundle CTX of rank
n−1, satisfying T 1,0X ∩T 0,1X = {0}, where T 0,1X = T 1,0X and [V,V] ⊂ V, where
V = C∞(X, T 1,0X).
We assume that X admits an S1-action: S1 × X → X, (eiθ, x) → eiθ ◦ x. Here
we use eiθ to denote the S1-action. Set Xreg = {x ∈ X : ∀eiθ ∈ S1, if eiθ ◦ x =
x, then eiθ = id}. For every k ∈ N, put
(1.3) Xk :=
{
x ∈ X : eiθ ◦ x 6= x, ∀θ ∈ (0, 2π
k
), ei
2pi
k ◦ x = x
}
.
Thus, Xreg = X1. In this paper, for simplicity we always assume that X1 6= ∅.
Actually, one can re-normalize the S1-action by lifting such that the new S1-action
satisfies X1 6= ∅, (see [13, Remark 1.14]).
Let T ∈ C∞(X, TX) be the global real vector field induced by the S1-action
given as follows
(1.4) (Tu)(x) =
∂
∂θ
(
u(eiθ ◦ x)) ∣∣∣
θ=0
, u ∈ C∞(X).
Definition 1.5. We say that the S1-action eiθ (0 ≤ θ < 2π) is CR if
[T, C∞(X, T 1,0X)] ⊂ C∞(X, T 1,0X),
where [ , ] is the Lie bracket between the smooth vector fields on X. Furthermore, we
say that the S1-action is transversal if for each x ∈ X one has
CT (x)⊕ T 1,0x (X)⊕ T 0,1x X = CTxX.
We throughout assume that (X, T 1,0X) is a compact connected CR manifold
with a transversal CR locally free S1-action and we denote by T the global vector
field induced by the S1-action. Let ω0 ∈ C∞(X, T ∗X) be the global real one form
uniquely determined by 〈ω0 , u 〉 = 0, for every u ∈ T 1,0X ⊕ T 0,1X and 〈ω0 , T 〉 =
−1.
We recall
Definition 1.6. For x ∈ X, the Levi-form Lx associated with the CR structure is the
Hermitian quadratic form on T 1,0x X defined as follows. For any U, V ∈ T 1,0x X, pick
U ,V ∈ C∞(X, T 1,0X) such that U(x) = U,V(x) = V . Set
Lx(U, V ) = 1
2i
〈[U ,V ](x), ω0(x)〉
where [ , ] denotes the Lie bracket between smooth vector fields. Note that Lx(U, V )
does not depend on the choice of U and V.
6Definition 1.7. The CR structure on X is called pseudoconvex at x ∈ X if Lx is
semi-positive definite. It is called strongly pseudoconvex at x if Lx is positive definite.
If the CR structure is (strongly) pseudoconvex at every point of X, then X is called a
(strongly) pseudoconvex CR manifold.
Denote by T ∗1,0X and T ∗0,1X the dual bundles of T 1,0X and T 0,1X, respectively.
Define the vector bundle of (0, q)-forms by ΛqT ∗0,1X. Let D ⊂ X be an open
subset. Let Ω0,q(D) denote the space of smooth sections of ΛqT ∗0,1X over D.
Fix θ0 ∈ [0, 2π). Let
deiθ0 : CTxX → CTeiθ0xX
denote the differential map of eiθ0 : X → X. By the properties of transversal CR
S1-actions, we can check that
deiθ0 : T 1,0x X → T 1,0eiθ0xX,
deiθ0 : T 0,1x X → T 0,1eiθ0xX,
deiθ0(T (x)) = T (eiθ0x).
(1.5)
Let (eiθ0)∗ : Λq(CT ∗X) → Λq(CT ∗X) be the pull back of eiθ0 , q = 0, 1 · · · , n − 1.
From (1.5), we can check that for every q = 0, 1, · · · , n− 1
(1.6) (eiθ0)∗ : ΛqT ∗0,1
eiθ0x
X → ΛqT ∗0,1x X.
Let u ∈ Ω0,q(X) be a section. The Lie derivative of u along the direction T is
denoted by Tu. From (1.6) we have Tu ∈ Ω0,q(X) for all u ∈ Ω0,q(X).
Let ∂b : Ω
0,q(X)→ Ω0,q+1(X) be the tangential Cauchy-Riemann operator. From
(1.5), it is straightforward to deduce
(1.7) T∂b = ∂bT on Ω
0,q(X).
For every m ∈ Z, put Ω0,qm (X) := {u ∈ Ω0,q(X) : Tu = imu}. We denote by ∂b,m
the restriction of ∂b to Ω
0,q
m (X). From (1.7) we have the ∂b,m-complex for every
m ∈ Z:
(1.8) ∂b,m : · · · → Ω0,q−1m (X)→ Ω0,qm (X)→ Ω0,q+1m (X)→ · · · .
For m ∈ Z, the q-th ∂b,m-cohomology is given by
(1.9) Hqb,m(X) :=
Ker ∂b : Ω
0,q
m (X)→ Ω0,q+1m (X)
Im ∂b : Ω
0,q−1
m (X)→ Ω0,qm (X)
.
Moreover, we have (see Theorem 1.13 in [23])
(1.10) dimHqb,m(X) <∞, for all q = 0, . . . , n− 1.
Definition 1.8. A function u ∈ C∞(X) is a Cauchy-Riemann function (CR function
for short) if ∂bu = 0, that is Zu = 0 for all Z ∈ C∞(X, T 1,0X). For m ∈ N, H0b,m(X)
is called the m-th positive Fourier component of the space of CR functions.
71.3. Hermitian CR geometry.
Definition 1.9. Let D be an open set and let V ∈ C∞(D,CTX) be a vector field over
D. We say that V is rigid if
deiθ0(V (x)) = V (eiθ0x)
holds for any x ∈ D and θ0 ∈ [0, 2π) satisfying eiθ0 ◦ x ∈ D.
Definition 1.10. Let 〈·|·〉 be a Hermitian metric on CTX. We say that 〈·|·〉 is rigid if
for all rigid vector fields V,W on D, where D is any open set, we have
〈V (x)|W (x)〉 = 〈(deiθ0V )(eiθ0 ◦ x)|(deiθ0W )(eiθ0 ◦ x)〉, ∀x ∈ D, θ0 ∈ [0, 2π).
Lemma 1.11 (Theorem 9.2 in [21]). Let X be a compact CR manifold with a
transversal CR S1-action. There always exists a rigid Hermitian metric 〈·|·〉 on CTX
such that T 1,0X⊥T 0,1X, T⊥(T 1,0X ⊕ T 0,1X), 〈T |T 〉 = 1 and 〈u|v〉 is real if u, v are
real tangent vectors.
From now on, we fix a rigid Hermitian metric 〈·|·〉 on CTX satisfying all the
properties in Lemma 1.11. The Hermitian metric 〈·|·〉 on CTX induces by duality
a Hermitian metric on CT ∗X and also on the bundles of (0, q)-forms ΛqT ∗0,1X, q =
0, 1 · · · , n − 1. We will denote all these induced metrics by 〈·|·〉. For every v ∈
ΛqT ∗0,1X, we write |v|2 := 〈v|v〉. We have the pointwise orthogonal decomposi-
tions:
CT ∗X = T ∗1,0X ⊕ T ∗0,1X ⊕ {λω0 : λ ∈ C},
CTX = T 1,0X ⊕ T 0,1X ⊕ {λT : λ ∈ C}.
For p ∈ X, locally there is an orthonormal frame {U1, . . . , Un−1} of T 1,0X such
that the Levi-form Lp is diagonal with respect to this frame. That is, Lp(Ui, Uj) =
λjδij , where δij = 1 if i = j, δij = 0 if i 6= j. The entries {λ1, . . . , λn−1} are called
the eigenvalues of the Levi-form at p with respect to the rigid Hermitian metric
〈·|·〉. Moreover, the determinant of Lp is defined by detLp = λ1(p) · · ·λn−1(p).
1.4. Canonical local coordinates. In this work, we need the following result due
to Baouendi-Rothschild-Treves, (see [1]).
Theorem 1.12. Let X be a compact CR manifold of dimX = 2n − 1, n ≥ 2 with
a transversal CR S1-action. Let 〈·|·〉 be a rigid Hermitian metric on X as in Lemma
1.11. For x0 ∈ X, there exists a local patchD and local coordinates (x1, · · · , x2n−1) =
(z, θ) = (z1, · · · , zn−1, θ), zj = x2j−1 + ix2j , 1 ≤ j ≤ n− 1, x2n−1 = θ, centered at x0.
In terms of these coordinates, D = {(z, θ) ∈ Cn−1 × R : |z| < ε, |θ| < δ} and on D
T =
∂
∂θ
Zj =
∂
∂zj
+ i
∂ϕ(z)
∂zj
∂
∂θ
, j = 1, · · · , n− 1,
(1.11)
where {Zj(x)}n−1j=1 form a basis of T 1,0x X, for each x ∈ D and ϕ(z) ∈ C∞(D,R) is
independent of θ. Moreover, on D, ϕ(z) =
n−1∑
j=1
λj|zj |2 + O(|z|3), ∀(z, θ) ∈ D, where
{λj}n−1j=1 are the eigenvalues of the Levi-form of X at x0 with respect to the given rigid
8Hermitian metric on X. We call D a canonical local patch and (z, θ, ϕ) canonical
coordinates centered at x0.
In order to make use of the S1-action locally, we need coordinates which con-
tains nearly whole orbits. On the regular part, this is possible without any restric-
tions while on the irregular part we just find such coordinates approximately. This
issue is stated in the following two lemmas.
Lemma 1.13 ([23], Lemma 1.17). Fix x0 ∈ Xreg. Then we can find canonical coor-
dinates (z, θ, ϕ) centered at x0 and defined on a canonical local patch D = {(z, θ) :
|z| < ε0, |θ| < π}.
Lemma 1.14 ([23], Lemma 1.18 ). Let x0 ∈ Xk be a point, where k ∈ N, k > 1. For
every ǫ > 0, ǫ small, we can find canonical coordinates (z, θ, ϕ) centered at x0 and
defined on a canonical local patch Dǫ = {(z, θ) : |z| < ε0, |θ| < πk − ǫ}.
Lemma 1.15 ([23], Lemma 1.19). Fix x0 ∈ X. Let (z, θ, ϕ) be canonical coordinates
centered at x0 and defined on a canonical chart D = D˜ × (−δ, δ). We denote by
dvX the volume form associated with the rigid Hermitian metric. Then on D one
has dvX = λ(z)dv(z)dθ with λ(z) ∈ C∞(D˜,R) which does not depend on θ and
dv(z) = 2n−1dx1 · · · dx2n−2.
2. SZEGO˝ KERNEL EXPANSION
2.1. Some standard notations. First, we introduce some standard notations and
definitions. We shall use the following notations: N0 = N ∪ {0}. An element α =
(α1, · · · , αn) ∈ Nn0 will be called a multiindex and the size of α is |α| = α1+· · ·+αn.
We write xα = xα11 · · ·xαnn , x = (x1, · · · , xn), ∂αx = ∂α1x1 · · ·∂αnxn , ∂αx = ∂
|α|
∂xα
. Let
z = (z1, · · · , zn), zj = x2j−1 + ix2j , j = 1, · · · , n be the coordinates of Cn. We write
zα = zα11 · · · zαnn , zα = zα11 · · · zαnn , ∂
|α|
∂zα
= ∂α1z1 · · ·∂αnzn , ∂
|α|
∂zα
= ∂α1z1 · · ·∂αnzn .
In this section, we will study the semi-classical asymptotic expansion of the
Szego˝ kernel of positive Fourier components. We recall some notations in semi-
classical analysis.
Definition 2.1. Let W be an open subset of RN . Let S(1;W ) = S(1) be the set
of a ∈ C∞(W ) such that for every α ∈ NN0 , there exists constant Cα such that
|∂αxa(x)| ≤ Cα on W . If a = a(x, k) depends on k ∈ (1,∞), we say that a(x, k) ∈
Sloc(1;W ) = Sloc(1) if χ(x)a(x, k) is uniformly bounded in S(1) when k varies in
(1,∞) for every χ(x) ∈ C∞0 (W ). Form ∈ R, we put Smloc(1;W ) = Smloc(1) = kmSloc(1).
If a ∈ Sm0loc (1), aj ∈ Smjloc (1), mj ց −∞, we say that a ∼
∑∞
j=0 aj in S
m0
loc (1) if
a−∑N0j=0 aj ∈ SmN0+1loc (1) for every N0.
Let W1,W2 be two open subsets of R
N . If A : C∞0 (W1) → D′(W2) is continuous,
by the Schwartz kernel theorem (Theorem 5.2.1 in [17]) we write KA(x, y) or
A(x, y) to denote the distribution kernel of A. The following two statements are
equivalent
(a) A can be extended to an continuous operator : E ′(W1)→ C∞(W2),
(b) A(x, y) ∈ C∞(W1 ×W2).
If A satisfies (a) or (b), we say that A is smoothing.
9A k-dependent continuous operatorAk : C
∞
0 (W1)→ D′(W2) is called k-negligible
if Ak is smoothing and the kernel Ak(x, y) of Ak satisfies |∂αx∂βyAk(x, y)| = O(k−m)
locally uniformly on every compact set inW1×W2, for all multi-indices α, β ∈ NN0
and all m ∈ N0. Let Ck : C∞0 (W1) → D′(W2) be another k-dependent continuous
operator. We write Ak ≡ Ck mod O(k−∞) or Ak(x, y) ≡ Ck(x, y) mod O(k−∞) if
Ak − Ck is k-negligible. We write Ak = Ck + O(k−∞) if Ak ≡ Ck mod O(k−∞).
Similarly, we write Bk(x) ≡ 0 mod O(k−∞) for any k-dependent smooth function
Bk(x) ∈ C∞(W ) if |∂αxBk(x)| = O(k−m) locally uniformly on every compact subset
ofW for all α ∈ NN0 and all m ∈ N0.
2.2. Asymptotic Szego˝ kernel expansion. Let ( · | · ) be the inner product on
Ω0,0(X) induced by dvX . Let L
2(X) (resp. L2m(X)) be the completions of Ω
0,0(X)
(resp. Ω0,0m (X)) with respect to ( · | · ). By elementary Fourier analysis one has
L2m(X) ⊥ L2m′(X) for m 6= m′, m,m′ ∈ Z. For m ∈ Z, let Qm : L2(X) → L2m(X) be
the orthogonal projection with respect to ( · | · ).
From now on we assume m ∈ N. Let Sm : L2(X) → H0b,m(X) be the orthog-
onal projection with respect to ( · | · ). We call Sm the m-th Szego˝ projection.
From (1.10), one finds dimH0b,m(X) < ∞. Let {fj}dmj=1 be an orthonormal basis of
H0b,m(X). Then the m-th Szego˝ kernel function is given by Sm(x) =
∑dm
j=1 |fj(x)|2.
Let Sm(x, y) be the distribution kernel with respect to the operator Sm which is
given by Sm(x, y) =
∑dm
j=1 fj(x)fj(y). The goal of this section is to study the semi-
classical asymptotic expansion of Sm(x, y).
We extend ∂b to L
2(X) in the sense of distribution and denote its kernel by
Ker(∂b) = {u ∈ L2(X) : ∂bu = 0} which is a closed subspace of L2(X). Let
S : L2(X) → Ker(∂b) be the usual Szego˝ projection. We denote by S(x, y) the
distribution kernel of the Szego˝ projection.
Lemma 2.2. With the notations above, we have
(2.1) H0b,m(X) = Ker(∂b) ∩ L2m(X)
and
(2.2) Smu = SQmu = QmSu, ∀u ∈ C∞(X).
Proof. It is obvious that H0b,m(X) ⊂ Ker(∂b) ∩ L2m(X). The converse is a direct
corollary from following subelliptic estimate (see theorem 1.12 in [22])
(2.3) ‖u‖s ≤ Cs,m(‖∂bu‖s−1 + ‖u‖), ∀u ∈ Hs(X) ∩ L2m(X), s ≥ 1,
where Hs(X) is the usual Sobolev space on X, ‖u‖s is the usual Sobolev norm of
order s and Cs,m is a constant.
For any u ∈ C∞(X), write u = u1 + u2, u1 ∈ H0b,m(X), u2 ∈ H0b,m(X)⊥. For any
v ∈ H0b,m(X), we have
(Smu|v) = (u1|v) = (u|v) = (Qmu|v) = (SQmu|v).
For any v ∈ L2(X)⋂H0b,m(X)⊥, we have
(Smu|v) = 0 = (SQmu|v)
since Smu, SQmu ∈ H0b,m(X). This implies Smu = SQmu for all u ∈ C∞(X).
Similarly, we have Smu = QmSu for all u ∈ C∞(X). 
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Fix x0 ∈ X. Let (z, θ, ϕ) be canonical coordinates centered at x0 and defined on
a canonical local patch D1 = {(z, θ) : |z| < ε1, |θ| < δ1}. Choose D = {(z, θ) : |z| <
ε, |θ| < δ} ⋐ D1.
Choose two cut-off functions χ, χ1 ∈ C∞0 (D1) such that χ = 1 in some small
neighborhood of D and χ1 = 1 in some small neighborhood of suppχ. By Lemma
2.2, we have Sm = SQm and hence
χSm = χSQm = χSχ1Qm + χS(1− χ1)Qm.
We write F = χS(1 − χ1) and Fm = χS(1 − χ1)Qm and denote by F (x, y) and
Fm(x, y) the distribution kernels of F and Fm, respectively. We will show
Lemma 2.3. Fm : C
∞
0 (D)→ E ′(D1) is m-negligible.
Proof. Since supp χ ∩ supp (1− χ1) = ∅, by a result of Boutet de Monvel-Sjo¨strand
[9] (see also [18] and [26]) we know that F is smoothing. Let ∪n0j=1Uj be a finite
covering of X. We assume that all the Ujs, 1 ≤ j ≤ n0 are canonical local patches.
Choose a partition of unity {ρj}n0j=1 with suppρj ⋐ Uj, 1 ≤ j ≤ n0, and
∑n0
j=1 ρj = 1
on X. Then for all u ∈ C∞0 (D) we have
(2.4) Fmu = FQmu = F
(
n0∑
j=1
ρjQmu
)
=
n0∑
j=1
F (ρjQmu).
For 1 ≤ j ≤ n0, let y = (w, y2n−1) be canonical coordinates in Uj. Then on Uj one
finds
ρjQmu = ρj(y)(Qmu)(y) = ρj(y)uˆm(w)e
imy2n−1 .
Set Fj(x, y) = F (x, y)ρj(y) for x ∈ D, y ∈ Uj . Then on D, by a direct calculation
we have
F (ρjQmu)(x) = − 1
2πmi
∫
Uj
(∫ 2π
0
∂Fj
∂y2n−1
(x, eiθ ◦ y)eimθdθ
)
u(y)λ(w)dv(w)dy2n−1.
(2.5)
By (2.4), (2.5) and the induction method, we have Fm(x, y) = O(m
−N) locally
uniformly for allN ∈ N and similarly for the derivatives. Thus, the lemma follows.

SetG = χSχ1 andGm = χSχ1Qm. WriteD1 = D˜1×(−δ1, δ1) andD = D˜×(−δ, δ)
with D˜1 = {z ∈ Cn−1 : |z| < ε1} and D˜ = {z ∈ Cn−1 : |z| < ε}. Assume that on D1,
χ1(y) = χ˜1(w)χ˜2(y2n−1) holds with χ˜1(w) ∈ C∞0 (D˜1), χ˜2(y2n−1) ∈ C∞0 (−δ1, δ1) and
χ˜1(w) = 1 in some small neighborhood of D˜ and χ˜2 = 1 in some small neigh-
borhood of [−δ, δ]. Let u ∈ C∞0 (D) be a smooth function. On D1, we write
(Qmu)(y) = uˆm(w)e
imy2n−1 , uˆm(w) ∈ C∞(D˜1). Then on D we have
Gmu(x) =
∫
D˜1
χ˜1(w)uˆm(w)λ(w)
(∫ δ1
−δ1
χ(x)S(x, w, y2n−1)χ˜2(y2n−1)eimy2n−1dy2n−1
)
dv(w).
(2.6)
In order to calculate the integral with respect to dy2n−1 in (2.6), we need the
following result due to Boutet de Monvel and Sjo¨strand [9], [18] and Hsiao-
Marinescu [26].
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Theorem 2.4. LetX be a compact strongly pseudoconvex CR manifold with a transver-
sal CR S1-action. For any x0 ∈ X, let D1 be the canonical local patch defined as in
Theorem 1.12 with canonical coordinates (z, θ, ϕ) centered at x0. Then on D1 × D1
the distribution kernel S(x, y) of the Szego˝ projection S : L2(X)→ Ker(∂b) satisfies
(2.7) S(x, y) =
∫ ∞
0
eiΨ(x,y)tb(x, y, t)dt
in the sense of oscillatory integrals, where
Ψ(x, y) ∈ C∞(D1 ×D1),Ψ(x, y) = x2n−1 − y2n−1 + Φ(z, w),
Φ(z, w) = −Φ(w, z), ∃ c > 0 : ImΦ ≥ c|z − w|2,Φ(z, w) = 0⇔ z = w,
Φ(z, w) = i(ϕ(z) + ϕ(w))− 2i
∑
|α|+|β|≤N
∂|α|+|β|ϕ
∂zα∂zβ
(0)
zα
α!
wβ
β!
+O(|(z, w)|N+1), ∀N ∈ N0,
b(x, y, t) ∼
∞∑
k=0
bk(x, y)t
n−1−k in Sn−1loc (1;D1 ×D1),
bj(x, y) ∈ C∞(D1 ×D1), j = 0, 1, · · · ,
b0(x, x) =
1
2
π−n |detLx| , ∀x ∈ D1.
(2.8)
By Theorem 2.4, the integral with respect to dy2n−1 in (2.6) can be computed
by making use of the stationary phase formula due to Melin-Sjo¨rstrand [30]. Sub-
stituting (2.7) and (2.8) to (2.6) and changing coordinates t = mσ, where m ∈ N
and σ ∈ R+, we have
∫ δ1
−δ1
χ(x)S(x, w, y2n−1)χ˜2(y2n−1)eimy2n−1dy2n−1
=m
∫ δ1
−δ1
∫ ∞
0
eim[(x2n−1−y2n−1)σ+Φ(z,w)σ+y2n−1 ]χ(x)b(x, y,mσ)χ˜2(y2n−1)dσdy2n−1.
(2.9)
Set
Ψ˜(x, w, y2n−1, σ) = (x2n−1 − y2n−1)σ + Φ(z, w)σ + y2n−1.
Then one finds
∂Ψ˜
∂σ
= x2n−1 − y2n−1 + Φ(z, w), ∂Ψ˜
∂y2n−1
= −σ + 1.
For any fixed (x, w) the critical point of Ψ˜ is denoted by xc = (y2n−1, σ) = (x2n−1 +
Φ(z, w), 1) which is the solution of the equations ∂Ψ˜
∂σ
= 0, ∂Ψ˜
∂y2n−1
= 0. Moreover, the
Hessian of Ψ˜ with respect to variables (y2n−1, σ) at the critical point xc is(
∂2Ψ˜
∂σ∂σ
∂2Ψ˜
∂σ∂y2n−1
∂2Ψ˜
∂y2n−1∂σ
∂2Ψ˜
∂y2n−1∂y2n−1
) ∣∣∣
xc
=
(
0 −1
−1 0
)
which implies that Ψ˜(x, w, y2n−1, σ) is a non-degenerate complex valued phase
function for any fixed (x, w) in the sense of Melin and Sjo¨strand [30]. Hence,
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one can apply the stationary phase formula of Melin and Sjo¨strand [30] to carry
out the dσdy2n−1 integration in (2.9):
m
∫ δ1
−δ1
∫ ∞
0
eimΨ˜(x,w,y2n−1,σ)χ(x)b(x, y,mσ)χ˜2(y2n−1)dσdy2n−1
=m
∫ δ1
−δ1
∫
eimΨ˜τ(σ)χ(x)b(x, y,mσ)χ˜2(y2n−1)dσdy2n−1
+m
∫ δ1
−δ1
∫
eimΨ˜(1− τ(σ))χ(x)b(x, y,mσ)χ˜2(y2n−1)dσdy2n−1,
(2.10)
where τ(σ) ∈ C∞0 (R) with suppτ ⋐ (12 , 32) and τ = 1 near σ = 1.
First we show that on D1× D˜1, the second term on the right-hand side of (2.10)
satisfies the following identity
(2.11)
m
∫ δ1
−δ1
∫
eimΨ˜(x,w,y2n−1,σ)(1−τ(σ))χ(x)b(x, y,mσ)χ˜2(y2n−1)dσdy2n−1 ≡ 0 mod O(m−∞).
This is a direct corollary of the following formula
eimΨ˜ =
1
im(1 − σ)
∂
∂y2n−1
eimΨ˜
and the integration by parts with respect to the variable y2n−1. For convenience
we denote by Hm(x, w) the left-hand side of (2.11).
Making use of Melin-Sjo¨strand’s stationary phase formula [30], the first term on
the right-hand side of (2.10) becomes
m
∫ δ1
−δ1
∫
eimΨ˜τ(σ)χ(x)b(x, y,mσ)χ˜2(y2n−1)dσdy2n−1
≡eim(x2n−1+Φ(z,w))χ(x)bˆ(x, w,m) mod O(m−∞),
(2.12)
where
bˆ(x, w,m) ∼
∞∑
j=0
bˆj(x, w)m
n−1−j in Sn−1loc (1;D1 × D˜1),
bˆj(x, w) ∈ C∞(D1 × D˜1), j = 0, 1, 2, · · · .
(2.13)
In particular, one has
bˆ0(x, w) = (2π)b˜0(x, w, x2n−1 + Φ(z, w)), bˆ0(x, z) = π1−n |detLx| ,(2.14)
where b˜0 denotes an almost analytic extension of b0, that is b˜0(x˜, y˜) ∈ C∞(U1×U1)
with b˜0|D1×D1 = b0 and
∣∣∣∂x˜b˜0(x˜, y˜)∣∣∣ + ∣∣∣∂y˜ b˜0(x˜, y˜)∣∣∣ ≤ CN(|Im x˜|N + |Im y˜|N ), for
every N > 0 where CN > 0 is a constant. Here U1 is an open set in C
2n−1 with
U1
⋂
R2n−1 = D1 (we identify D1 with an open set in R2n−1) and x˜, y˜ are complex
coordinates of C2n−1. Substituting (2.11) and (2.12) to (2.6) one has
Gmu =
∫
D˜1
χ˜1(w)uˆm(w)e
im(x2n−1+Φ(z,w))χ(x)bˆ(x, w,m)λ(w)dv(w)
+
∫
D˜1
χ˜1(w)uˆm(w)Hm(x, w)λ(w)dv(w)
(2.15)
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with Hm(x, w) ≡ 0 mod O(m−∞) on D1 × D˜1.
Choose η(y2n−1) ∈ C∞0 (−δ1, δ1) such that
∫ δ1
−δ1 η(y2n−1)dy2n−1 = 1. Then the first
term on the right-hand side of (2.15) is equal to
∫
D1
(Qmu)(y)χ˜1(w)η(y2n−1)eim(x2n−1−y2n−1+Φ(z,w))χ(x)bˆ(x, w,m)λ(w)dwdy2n−1
=χ(x)
∫
D1
(Q−mBm)(x, y)u(y)λ(w)dy = χ(x)
∫
D
(Q−mBm)(x, y)u(y)λ(w)dy.
(2.16)
Here, we have set
(2.17) Bm(x, y) = e
im(x2n−1−y2n−1+Φ(z,w))bˆ(x, w,m)χ˜1(w)η(y2n−1)
and (Q−mBm)(x, y) denotes that Q−m acts on Bm(x, y) seen as a function in the
variable y. Combining (2.15), (2.16), (2.17) and Lemma 2.3, we have
Sm(x, y) =
1
2π
∫ π
−π
Bm(x, e
iθ ◦ y)eimθdθ + Am(x, y), ∀x, y ∈ D ×D,
where Am(x, y) ≡ 0 mod O(m−∞). On the other hand, we have Sm(x, y) =∑dm
j=1 fj(x)fj(y).OnD, we can write fj(x) = fˆj(z)e
imx2n−1 which leads to Sm(x, y) =∑dm
j=1 fˆj(z)fˆj(w)e
im(x2n−1−y2n−1). Thus,
(2.18) e−imx2n−1Sm(x, y) =
dm∑
j=1
fˆj(z)fˆj(w)e
im(−y2n−1)
does not depend on x2n−1. We get
(2.19)
e−imx2n−1Sm(x, y) =
1
2π
∫ π
−π
e−imx2n−1Bm(x, eiθ ◦ y)eimθdθ + e−imx2n−1Am(x, y).
Choose χ0(x2n−1) ∈ C∞0 (−δ, δ) such that
∫ δ
−δ χ0(x2n−1)dx2n−1 = 1. From (2.18) and
(2.19) we have
e−imx2n−1Sm(x, y) =
1
2π
∫ π
−π
∫ δ
−δ
χ0(x2n−1)e−imx2n−1Bm(x, eiθ ◦ y)eimθdx2n−1dθ
+ Cm(z, y),
(2.20)
where Cm(z, y) =
∫ δ
−δ Am(x, y)e
−imx2n−1χ0(x2n−1)dx2n−1, Cm(z, y) ≡ 0 mod O(m−∞).
Set
(2.21) Sˆm(x, y) = e
imx2n−1
∫ δ1
−δ1
χ0(x2n−1)e−imx2n−1Bm(x, y)dx2n−1.
From (2.17),(2.19), (2.20) and (2.21) we have
Theorem 2.5. Let X be as in Theorem 2.4. Consider the orthogonal projection Sm :
L2(X)→ H0b,m(X). We denote by Sm(x, y) the distribution kernel of Sm. For x0 ∈ X,
let (z, θ, ϕ) be canonical coordinates centered at x0 and defined on a canonical local
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patch D1 = {(z, θ) : |z| < ε1, |θ| < δ1}. For any D = {(z, θ) : |z| < ε, |θ| < δ} ⋐ D1,
we have
Sm(x, y) ≡ 1
2π
∫ π
−π
Sˆm(x, e
iθ ◦ y)eimθdθ mod O(m−∞)
on D ×D, where
Sˆm(x, y) = e
im(x2n−1−y2n−1+Φ(z,w))bˆ(z, w,m)χ˜1(w)η(y2n−1),
Φ(z, w) = i(ϕ(z) + ϕ(w))− 2i
∑
|α|+|β|≤N
∂|α|+|β|ϕ
∂zα∂zβ
(0)
zα
α!
wβ
β!
+O(|(z, w)|N+1),
bˆ(z, w,m) ∼
∞∑
k=0
mn−1−k bˆk(z, w) in Sn−1loc (1; D˜ × D˜), D˜ = {z ∈ Cn−1 : |z| < ε},
bˆ0(z, w) = (2π)
∫ δ
−δ
b˜0(z, x2n−1, w, x2n−1 + Φ(z, w))χ0(x2n−1)dx2n−1,
bˆ0(z, z) = π
−(n−1) |detLx| , x = (z, 0), ∀z ∈ D˜,
(2.22)
and
bˆj(z, w) ∈ C∞(D˜ × D˜), ∀j;χ0(x2n−1) ∈ C∞0 (−δ, δ),
∫ δ
−δ
χ0(x2n−1)dx2n−1 = 1;
χ1(w) ∈ C∞0 (D˜1), χ1 = 1 in a neighborhood of D˜;
η(y2n−1) ∈ C∞0 (−δ1, δ1),
∫ δ1
−δ1
η(y2n−1)dy2n−1 = 1.
Here, b˜0 is as in (2.14).
2.3. Asymptotic Szego˝ kernel expansion on Xreg. Recall that Xreg is the regular
part of X, that is Xreg = {x ∈ X : ∀eiθ ∈ S1, if eiθ ◦ x = x, then eiθ = id}, and
that we assume Xreg 6= ∅. Fix x0 ∈ Xreg. Let (z, θ, ϕ) be canonical coordinates
centered at x0 and defined on a canonical patch D1 = {(z, θ) : |z| < ε1, |θ| < π}.
Set D = {(z, θ) ∈ Cn−1 × R : |z| < ε, |θ| < π
2
} with ε < ε1. From Theorem 2.5 it
follows that
Sm(x, y) ≡ e−imy2n−1 1
2π
∫ π
−π
Sˆm(x, (w, θ))e
imθdθ mod O(m−∞)(2.23)
holds on D ×D. Substituting (2.22) to (2.23), we have
Sm(x, y) ≡ 1
2π
eim(x2n−1−y2n−1+Φ(z,w))bˆ(z, w,m) mod O(m−∞),
Sm(x, x) ≡ 1
2π
bˆ(z, z,m) mod O(m−∞).
(2.24)
Thus, from (2.24) we have
Theorem 2.6. Let X be as in Theorem 2.4. For x0 ∈ Xreg, let (z, θ, ϕ) be canonical
coordinates centered at x0 and defined on a canonical patch D1 = {(z, θ) : |z| <
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ε1, |θ| < π}. Set D = {(z, θ) ∈ Cn−1 × R : |z| < ε, |θ| < π2} ⋐ D1. Then on D × D,
we have
Sm(x, y) ≡ 1
2π
eim(x2n−1−y2n−1+Φ(z,w))bˆ(z, w,m) mod O(m−∞),
where
bˆ(z, w,m) ∼
∞∑
j=0
mn−1−j bˆj(z, w) in Sn−1loc (1, D˜ × D˜),
bˆj(z, w) ∈ C∞(D˜ × D˜), j = 0, 1, 2, · · · ,
bˆ0(z, z) = π
−(n−1) |detLx| , x = (z, 0), ∀z ∈ D˜.
(2.25)
Here, we set D˜ = {z ∈ Cn−1 : |z| < ε}. In particular, we have
(2.26) Sm(x, x) ≡ 1
2π
bˆ(z, z,m) mod O(m−∞).
2.4. Asymptotic Szego˝ kernel expansion on the complement of Xreg. In this
section, we try to get the asymptotic expansion of the Szego˝ kernel on the com-
plement of Xreg. Fix x0 ∈ Xk for some k > 1, where Xk is defined in (1.3). Let
(z, θ, ϕ) be canonical coordinates centered at x0 and defined on a canonical chart
D1 = {(z, θ) : |z| < ε1, |θ| < πk − ǫ}. It is straightforward to see that there is a small
neighborhood D = {(z, θ) : |z| < ε, |θ| < δ} ⋐ D1 of x0 such that
(2.27) eiθ ◦ (0, 0) 6= (z, θˆ), ∀θ ∈ [0, 2π), (z, θˆ) ∈ D, z 6= 0.
From Theorem 2.5, we have
Sm(x, x0) ≡ 1
2π
k∑
s=1
∫ 2pi
k
s
2pi
k
(s−1)
Sˆm(x, e
iθ ◦ (0, 0))eimθdθ mod O(m−∞)
≡ 1
2π
k∑
s=1
ei
2pi
k
(s−1)m
∫ 2pi
k
0
Sˆm(x, e
iθ ◦ (0, 0))eimθdθ mod O(m−∞)
(2.28)
for any x ∈ D. By a direct calculation, we find
(2.29)
k∑
s=1
ei
2pi
k
(s−1)m =
{
k, if k | m ;
0, if k ∤ m .
From (2.27), we can check that
(2.30)
k
2π
∫ pi
k
−pi
k
Sˆm(x, e
iθ ◦ (0, 0))eimθdθ = k
2π
∫ pi
k
−pi
k
Sˆm(x, (0, θ))e
imθdθ
holds. Substituting (2.29) to (2.28) for k | m and using (2.30), we have
Sm(x, x0) ≡ k
2π
∫ pi
k
−pi
k
Sˆm(x, (0, θ))e
imθdθ mod O(m−∞).(2.31)
Substituting (2.22) to (2.31) yields
Sm(x, x0) ≡ k
2π
eim(x2n−1+Φ(z,0))bˆ(z, 0, m) mod O(m−∞).
Summing up, we obtain
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Theorem 2.7. Let X be as in Theorem 2.4. Assume x0 ∈ Xk, k > 1. Let D1, D and
(z, θ, ϕ) be as above with π
k
− ǫ replaced by δ1. For k ∤ m we have Sm(x, x0) = 0 for
all x ∈ D. For k | m we have
(2.32) Sm(x, x0) ≡ k
2π
eim(x2n−1+Φ(z,0))bˆ(z, 0, m) mod O(m−∞)
on D. In particular, given k | m and x = x0, we have
Sm(x0, x0) =
k
2π
bˆ(0, 0, m) +O(m−∞)
and
bˆ(0, 0, m) ∼ bˆ0(0, 0)mn−1 + bˆ1(0, 0)mn−2 + · · ·
in the sense that for any N ∈ N0 there exists CN > 0 independent of m such that∣∣∣∣∣bˆ(0, 0, m)−
N∑
j=0
bˆj(0, 0)m
n−1−j
∣∣∣∣∣ ≤ CNmn−2−N
holds for all m ∈ N.
3. EQUIVARIANT EMBEDDING OF CR MANIFOLDS
Let X be a compact strongly pseudoconvex CR manifolds with a locally free
transversal CR S1-action. Now we use the Szego˝ kernel expansion we have estab-
lished in Section 2 to get the equivariant embedding of X.
3.1. Immersion of CR manifold. We assume X = X1 ∪ X2 ∪ · · · ∪ Xl, X1 6= ∅,
where Xk, 1 ≤ k ≤ l, is defined in (1.3). For 1 ≤ k ≤ l let {fkj }dkmj=1 and {gkj }
dk(m+1)
j=1
be orthonormal bases ofH0b,km(X) andH
0
b,k(m+1)(X), respectively. Now for 1 ≤ k ≤
l we can define a CR map from X to Euclidean space as follows
Φkm : X → Cdkm+dk(m+1) , x 7→ (fk1 (x), · · · , fkdkm(x), gk1(x), · · · , gkdk(m+1)(x)).
Combining the Φkms, 1 ≤ k ≤ l, we define a CR map
Φm : X → CNm , x→ (Φ1m(x), · · · ,Φlm(x)),
where Nm =
l∑
k=1
(dkm + dk(m+1)). If the transversal CR S
1-action on X is globally
free, then X = X1 = Xreg and Epstein [14] showed that Φ
1
m is an CR embedding
when m is large. However, if the transversal CR S1-action on X is just locally free
the CR functions in H0b,m(X)
⊕
H0b,m+1(X) are not enough for the embedding. The
reason is that the space H0b,m(X)
⊕
H0b,m+1(X) will be not enough to separate the
points in X \Xreg.
Now we use the asymptotic Szego˝ kernel expansion in Section 2 to establish
Lemma 3.1. The map Φm : X → CNm is an immersion when m is large.
Proof. For x0 ∈ Xk, let (z, θ, ϕ) be canonical coordinates centered at x0 and defined
on a canonical local patch D = {(z, θ) : |z| < ε, |θ| < δ} = D˜ × (−δ, δ). Assume
that k|m. Let {fj}dmj=1 ⊂ H0b,m(X) be an orthonormal basis. Since Sm(x, y) =
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dm∑
j=1
fj(x)fj(y), we have that Sm(x, y) = Sm(y, x). Furthermore, for any u ∈ C∞0 (D)
we have Smu(x) =
∫
D
Sm(x, y)u(y)dvX(y) and hence
(3.1) Smu =
∫
D
Sm(x, y)u(y)dv =
∫
D
Sm(y, x)u(y)dvX .
Choose cut-off functions χ ∈ C∞0 (Cn−1), χ2 ∈ C∞0 (−δ, δ) such that suppχ ⋐ {w ∈
Cn−1 : |w| < 1} and ∫ δ−δ χ2(yn−1)dy2n−1 = 1. For j = 1, · · · , n− 1, set
(3.2) uj(y) = wjχ
(√
mw
logm
)
χ2(y2n−1)eimy2n−1eimReΦ(w,0),
where Φ is as in Theorem 2.5. Then uj ∈ C∞0 (X) has its support in D if m is
sufficiently large. Define vj = Smuj, j = 1, · · · , n− 1. Then from Theorem 2.5 and
(3.1) we have
Smuj(x) =
1
2π
∫
D
∫ π
−π
Sˆm(y, e
iθ ◦ x)eimθdθuj(y)dvX +
∫
D
Rm(x, y)uj(y)dvX ,
where Rm(x, y) ≡ 0 mod O(m−∞). With respect to the canonical local coordi-
nates, one notes that
(3.3)
∂Sˆm(y, e
iθ ◦ x)
∂zj
∣∣∣
x=x0
=
∂Sˆm
∂zj
(y, eiθ ◦ x0).
Then by (3.3) and a direct calculation we have
∂Smuj
∂zj
(x0) ≡ k
2π
∫
D
∫ pi
k
−pi
k
∂Sˆm
∂zj
(y, (0, θ))eimθdθuj(y)dvX +O(m
−∞)(3.4)
which leads to
∂Sˆm
∂zj
(y, (0, θ)) = eim(y2n−1−θ+Φ(w,0))η(θ)×[
im
∂Φ(w, 0)
∂zj
bˆ(w, 0, m)χ˜1(0) +
∂bˆ(w, 0, m)
∂zj
χ˜1(0) + bˆ(w, 0, m)
∂χ˜1
∂zj
(0)
]
= eim(y2n−1−θ+Φ(w,0))η(θ)
[
2m(λjwj +O(|w|2))bˆ(w, 0, m) + ∂bˆ(w, 0, m)
∂zj
]
.
(3.5)
Substituting (3.5) to (3.4), we have
∂Smuj
∂zj
(x0) =
k
2π
∫
D
eim(y2n−1+Φ(w,0))
[
2m(λjwj +O(|w|2))bˆ(w, 0, m) + ∂bˆ(w, 0, m)
∂zj
]
×
uj(y)dvX +O(m
−∞).
(3.6)
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Substituting (3.2) to (3.6) and taking the coordinate transformation w → w√
m
, we
have
∂Smuj
∂zj
(x0) =
k
2π
∫
|w|≤logm
e
−mImΦ( w√
m
,0)
m−(n−1)×[
2(λj|wj|2 + 1√
m
O(|w|3))bˆ( w√
m
, 0, m) +
1√
m
∂bˆ( w√
m
, 0, m)
∂zj
wj
]
×
χ(
w
logm
)λ(
w√
m
)dv(w) +O(m−∞),
(3.7)
and hence
(3.8) lim
m→∞
∂Smuj
∂zj
(x0) =
k
2π
∫
Cn−1
e−λ|w|
2
2λj|wj|2bˆ0(0, 0)dv(w) = cj 6= 0,
where λ|w|2 =∑n−1j=1 λj |wj|2 and cj is a non-zero real number.
For j 6= k, we can repeat the procedure above and get
∂Smuj
∂zk
(x0) =
k
2π
∫
|w|≤logm
e
−mImΦ( w√
m
,0)
m−(n−1)×[
(2λkwkwj +
1√
m
O(|w|3))bˆ( w√
m
, 0, m) +
1√
m
∂bˆ( w√
m
, 0, m)
∂zk
wj
]
×
χ(
w
logm
)λ(
w√
m
)dw +O(m−∞).
(3.9)
Letting m→∞, we get
(3.10) lim
m→∞
∂Smuj
∂zk
(x0) =
k
2π
∫
Cn−1
e−λ|w|
2
2λkwkwj bˆ0(0, 0)dv(w) = 0.
Similarly, one computes
∂Smuj
∂zk
(x0) =
k
2π
∫
|w|≤logm
e
−mImΦ( w√
m
,0)
m−(n−1)×[
(2λkwkwj +
1√
m
O(|w|3))bˆ( w√
m
, 0, m) +
1√
m
∂bˆ( w√
m
, 0, m)
∂zk
wj
]
×
χ(
w
logm
)λ(
w√
m
)dw +O(m−∞).
(3.11)
Letting m→∞, we have
(3.12) lim
m→∞
∂Smuj
∂zk
(x0) =
k
2π
∫
Cn−1
e−λ|w|
2
2λkwkwj bˆ0(0, 0)dv(w) = 0.
Given j = n, choose χ3(y2n−1) ∈ C∞0 (−δ1, δ1) satisfying
∫ δ1
−δ1 y2n−1χ3(y2n−1) = 1.
Set
un = my2n−1χ3(my2n−1)eimy2n−1χ
(√
mw
logm
)
eimReΦ(w,0), vn = Smun.
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Then by (3.3) and the same argument as in (2.28) we have
∂Smun
∂x2n−1
(x0) =
k
2π
∫
D
∫ pi
k
−pi
k
∂Sˆm
∂x2n−1
(y, eiθ ◦ x0)eimθdθun(y)dvX +O(m−∞).(3.13)
By a direct calculation, we have
∂Sˆm
∂x2n−1
(y, 0, θ) = eim(y2n−1−θ+Φ(w,0))bˆ(w, 0, m)
[
−imη(θ) + ∂η(θ)
∂θ
]
.(3.14)
Substituting (3.14) to (3.13) and using the fact that
∫ pi
k
−pi
k
∂η(θ)
∂θ
dθ = 0, we find
k
2π
∫
D
∫ pi
k
−pi
k
∂Sˆm
∂x2n−1
(y, eiθ ◦ x0)eimθdθun(y)dvX
=
−ik
2π
∫
|w|≤logm
m−(n−1)bˆ(
w√
m
, 0, m)e
−mImΦ( w√
m
,0)
λ(w)dv(w).
(3.15)
Substituting (3.15) to (3.13) and letting m→∞, we have
(3.16) lim
m→∞
∂Smun(x0)
∂x2n−1
=
−ik
2π
bˆ0(0, 0)
∫
Cn−1
e−λ|w|
2
dv(w) = icn 6= 0,
where cn is a nonzero real number.
On the other hand, for j = 1, · · · , n− 1 by a similar calculation we have
∂Smun
∂zj
(x0) =
k
2π
∫
|w|≤logm
e
−mImΦ( w√
m
,0)
[2(λj
wj√
m
+
1
m
O(|w|2))bˆ( w√
m
, 0, m)
+
1
m
∂bˆ
∂zj
(
w√
m
, 0, m)]χ(
w
logm
)λ(
w√
m
)m−(n−1)dv(w).
(3.17)
By (3.17) we get
(3.18)
∣∣∣∣∂Smun∂zj (x0)
∣∣∣∣ ≤ C 1√m,
where C is a constant which does not depend on x0 and m. Similarly, we find
(3.19)
∣∣∣∣∂Smun∂zj (x0)
∣∣∣∣ ≤ C 1√m.
Set vj = α2j−1+ iα2j , j = 1, · · · , n. Then combining the above arguments there are
positive constants c, C independent of x0 and m and a sequence {εm} which does
not depend on x0 ∈ X with εm → 0 as m → ∞ such that the following estimates
hold ∣∣∣∣∂αj∂xj (x0)
∣∣∣∣ ≥ c; ∣∣∣∣ ∂α2n∂x2n−1 (x0)
∣∣∣∣ ≥ c, j = 1, · · · , 2n− 2,∣∣∣∣∂αj∂xk (x0)
∣∣∣∣ ≤ εm, j 6= k, j, k = 1, · · ·2n− 2,∣∣∣∣∂α2n∂xj (x0)
∣∣∣∣ ≤ C 1√m, j = 1, · · · , 2n− 2.
(3.20)
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From (3.20) the real Jacobian matrix of Φm is non-degenerate at any x0 ∈ X
when m is large enough which implies that Φm is an immersion. Thus, we get the
conclusion of the lemma. 
3.2. Analysis near the complement of Xreg. In order to get the global embed-
ding of CR manifolds by CR functions which lie in the positive Fourier components
we need the following
Proposition 3.2. Fix x0 ∈ X \Xreg. Without loss of generality, we assume x0 ∈ Xk0
for some k0 > 1. We have
(1) There exist a positive integer m0 and a neighborhood U(x0) of x0 such that
Φk0m0 : U(x0) → Cdk0m0+dk0(m0+1) is an embedding and Sk0m0(x, x0) 6= 0,
Sk0(m0+1)(x, x0) 6= 0, for all x ∈ U(x0).
(2) There exist positive constants ε0, δ0 and a neighborhood V (x0) of x0 with
V (x0) ⋐ U(x0) such that
eiθ ◦ V (x0) ⊂ U(x0), ∀θ ∈ I(x0, ε0),
− 1 ≤ cos k0θ ≤ 1− δ0, ∀θ 6∈ I(x0, ε0), 0 ≤ θ < 2π
holds, where I(x0, ε0) is given by
I(x0, ε0) = {θ : 0 ≤ θ < ε0} ∪ {θ : |θ − 2π
k0
| < ε0} ∪ {θ : |θ − 4π
k0
| < ε0} ∪ · · ·
∪ {θ : |θ − 2(k0 − 1)π
k0
| < ε0} ∪ {θ : 2π − ε0 < θ < 2π}.
(3.21)
(3) Fix 0 < σ < δ0
100
, where δ0 > 0 is as in (2). There exist a positive inte-
ger m1 and a neighborhood W (x0) of x0 with W (x0) ⋐ V (x0) such that
Sk0m1(x, x0) 6= 0 for all x ∈ W (x0) and the real part of Sk0(m1+1)(x,x0)Sk0m1 (x,x0) denoted
by Rk0m1(x) satisfies
|1−Rk0m1(x)| < σ, ∀x ∈ W (x0).
The imaginary part of
Sk0(m1+1)(x,x0)
Sk0m1 (x,x0)
denoted by Ik0m1(x) satisfies the follow-
ing inequality
|Ik0m1(x)| <
σ
8
, ∀x ∈ W (x0).
(4) For any positive constant c > 0, there exist a positive integer m2 and a neigh-
borhood Wˆ (x0) ⋐W (x0) of x0 such that
|Sk0m2(x, x0)| >
c
2
, ∀x ∈ Wˆ (x0)
and
|Sk0m2(y, x0)| <
c
8
, ∀y 6∈
⋃
0≤θ<2π
eiθ ◦W (x0)
hold.
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Proof. Fix x0 ∈ Xk0 and let D be the canonical local patch given in Theorem 1.12.
From (2.32), we have for any D′ ⋐ D and N ∈ N, there exists a constant CD′,N
such that
(3.22) |Sk0m(x, x0)| ≥
k0
2π
∣∣∣bˆ(z, 0, k0m)∣∣∣ e−k0mImΦ(z,0) − CD′,Nm−N , m >> 1
holds. Given x = (z, θ) with |z| ≤ 1
m
, |θ| ≤ 1
m
, one has |Sk0m(x, x0)| > 0 when m≫
1. Thus, there is a λ0 > 0 such that for all m ≥ λ0 we have |Sk0m(x, x0)| > 0 for all
x ∈ Um(x0), where Um(x0) = {(z, θ) : |z| < 1m , |θ| < 1m}. Moreover, from the proof
of Lemma 3.1, we see that there is a λ1 > 0 such that for allm ≥ λ1, there is a small
neighborhood U˜m(x0) of x0 such that Φ
k0
m : U˜m(x0)→ Cdk0m0+dk0(m0+1) is an embed-
ding. Takingm0 ≥ λ0+λ1 and setting U(x0) = Um0(x0)
⋂
Um0+1(x0)
⋂
U˜m0(x0), we
get (1).
Since x0 ∈ Xk0 , we have ei
2pi
k0
j ◦ x0 = x0 for 0 ≤ j ≤ k0, j ∈ Z. Then for any ε0
we define I(x0, ε0) as in (3.21). When ε0 is sufficiently small there exists a small
neighborhood of x0 denoted by V (x0) ⋐ U(x0) such that e
iθ ◦ V (x0) ⊂ U(x0) for
θ ∈ I(x0, ε0). For θ /∈ I(x0, ε0), 0 ≤ θ < 2π, we have |k0θ − 2πj| ≥ ε0k0 for every
j = 0, 1, . . . , k0 which implies that there exists a constant δ0 depending on ε0 such
that −1 ≤ cos k0θ ≤ 1 − δ0 for θ 6∈ I(x0, ε0). Thus we get the conclusion of (2) in
this proposition.
From the proof of (1), there is an m˜1 > 0 such that for every m ≥ m˜1, there is a
neighborhood Wm(x0) of x0 such that Sk0m(x, x0) 6= 0 and Sk0(m+1)(x, x0) 6= 0. We
assume that m ≥ m˜1 and x ∈ Wm(x0). By (2.32), we have
Sk0m(x, x0) ≡
k0
2π
eik0m(x2n−1+Φ(z,0))bˆ(z, 0, m) mod O(m−∞),
Sk0(m+1)(x, x0) ≡
k0
2π
eik0(m+1)(x2n−1+Φ(z,0))bˆ(z, 0, m+ 1) mod O(m−∞),
bˆ(z, 0, m) ∼
∞∑
j=0
bˆj(z, 0)m
n−1−j in Sn−1loc (1;D).
(3.23)
Write
Sk0(m+1)(x, x0)
Sk0m(x, x0)
= Rk0m(x) + iIk0m(x).
Since bˆ0(0, 0) 6= 0 (see Theorem 2.6), we have bˆ(0, 0, m) 6= 0 for m large and
this implies that bˆ(z, 0, m) 6= 0 when |z| is sufficiently small. We assume that
bˆ(z, 0, m) 6= 0 for every m ≥ m˜1 and every (z, 0) ∈ Wm(x0). Set
am(x) =
k0
2π
eik0m(x2n−1+Φ(z,0))bˆ(z, 0, m), bm(x) = Sk0m(x, x0)− am(x).
From (3.23), for any D′ ⋐ V (x0) ⋐ D and any N ∈ N there exists a positive
constant CD′,N such that
sup
x∈D′
|Sk0m(x)− am(x)| ≤ CD′,Nm−N , m >> 1,
holds. For any m ≥ m˜1, define Vm(x0) = {x = (z, θ) ∈ D, |z| < 1m , |θ| <
1
m
}⋂Wm(x0), then Vm(x0) ⋐ D′ when m is sufficiently large. Then on Vm(x0),
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we have
(3.24) |bm+1(x)| ≤ CD′,N 1
(m+ 1)N
, |bm(x)| ≤ CD′,N 1
mN
.
On the other hand, we have |am(x)| = k02πe−k0mImΦ(z,0)bˆ(z, 0, m). From (2.8), by
a direct calculation we get ImΦ(z, 0) = λ|z|2 + O(|z|3). So we assume D′ to be
sufficiently small such that on D′ we have
c1|z|2 ≤ ImΦ(z, 0) ≤ c2|z|2
for some constants c1, c2. Then
(3.25) |am(x)| ≥ cˆmn−1, ∀x ∈ Vm(x0), am+1(x)
am(x)
≈ 1, ∀x ∈ Vm(x0),
holds for some positive constant cˆ when m is sufficiently large. Since
Sk0(m+1)(x, x0)
Sk0m(x, x0)
=
bm+1 + am+1
bm + am
=
bm+1
am
+ am+1
am
bm
am
+ 1
,
(3.24) and (3.25) imply
Sk0(m+1)(x, x0)
Sk0m(x, x0)
≈ 1, ∀x ∈ Vm(x0)
for m >> 1. Then for any fixed 0 < σ < δ0
100
, we can choose m1 sufficiently large
such that W (x0) = {(z, θ) : |z| < 1m1 , |θ| < 1m1} satisfies W (x0) ⋐ V (x0) and on
W (x0) we have
(3.26) |1−Rk0m1(x)| < σ, |Ik0m1(x)| <
σ
8
.
Thus, we get the conclusion of (3) in the proposition.
Choose a neighborhood W1(x0) of x0 such that W1(x0) ⋐ W (x0) holds. Follow-
ing the same arguments as in the proof of Lemma 2.3, we have
(3.27) Sk0m(x0, y) ≡ 0 mod O(m−∞), ∀y 6∈
⋃
0≤θ<2π
eiθ ◦W1(x0).
Since X \ ⋃
0≤θ<2π
eiθ ◦W (x0) ⋐ X \
⋃
0≤θ<2π
eiθ ◦W1(x0), (3.27) implies that for any
N > 0 there exists a constant CN satisfying
|Sk0m(x0, y)| ≤ CNm−N ∀m >> 1, ∀y ∈ X \
⋃
0≤θ<2π
eiθ ◦W (x0).
Thus, for any c > 0, there exists n0 such that for anym > n0 we have |Sk0m(x0, y)| <
c
8
for all y 6∈ ⋃
0≤θ<2π
eiθ ◦W (x0). Then following the same arguments as in the proof
of (1) in the proposition, there exists a positive integer m2 and a neighborhood
Wˆ (x0) ⋐ W1(x0) ⋐ W (x0) such that |Sk0m2(x, x0)| > c2 holds for all x ∈ Wˆ (x0) and
moreover |Sk0m2(x0, y)| < c8 holds for all y 6∈ X \
⋃
0≤θ<2π
eiθ ◦W (x0). Thus, we get
the conclusion of (4) in this proposition. 
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3.3. Embedding of CR manifold by positive Fourier components. Now, we are
going to establish the global embedding of the CR manifolds, which have a locally
free transversal CR S1-action, by positive Fourier components.
Since X \ Xreg ⋐ X, there exist finite Wˆ (xi) ⋐ W (xi) ⋐ V (xi) ⋐ U(xi) and
positive constants m0(xi), m1(xi), m2(xi) with respect to the points xi, 0 ≤ i ≤ n0
satisfying the properties in Proposition 3.2 and moreover X \ Xreg = ∪n0i=1Wˆ (xi).
Without loss of generality, we assume that xi ∈ Xki, 0 ≤ i ≤ n0. For every i =
0, 1, . . . , n0, set
Hxi =
2⊕
j=0
(
H0b,kimj(xi)(X)
⊕
H0b,ki(mj (xi)+1)(X)
)
,
Hm =
l⊕
k=1
(
H0b,km(X)
⊕
H0b,k(m+1)(X)
) n0⊕
i=0
Hxi .
Recall that X = X1 ∪ X2 ∪ · · · ∪ Xl, Xreg = X1 6= ∅. Put Nm = dimHm and let
{fj}Nmj=1 be an orthonormal basis of Hm with respect to its decomposition. Define a
map
Φm : X → CNm , x 7→ (f1(x), · · · , fNm(x)).
We will prove the following
Theorem 3.3. Let X be a compact connected strongly pseudoconvex CR manifold
with a locally free transversal CR S1-action. Then Φm is an embedding when m is
large.
Proof. By Lemma 3.1, we know that Φm is an immersion whenm is large. Now we
show that Φm is injective when m is large by seeking a contradiction. We assume
that there exist two sequences {yˆm}, {zˆm} ⊂ X, yˆm 6= zˆm such that Φm(yˆm) =
Φm(zˆm). Since X is compact, there exist subsequences of {yˆm}, {zˆm} which are
also denoted by {yˆm}, {zˆm} such that yˆm → yˆ, zˆm → zˆ for m→∞.
First we assume that yˆ, zˆ ∈ X \Xreg.
Case I: yˆ = eiθ0 ◦ zˆ, zˆ ∈ Xk for some k > 1 and zˆ ∈ U(xi) for some i. By
assumption of yˆm, zˆm we have that
Skim0(xi)(yˆ, xi) = Skim0(xi)(zˆ, xi),
Ski(m0(xi)+1)(yˆ, xi) = Ski(m0(xi)+1)(zˆ, xi).
(3.28)
In the following context, we will omit xi inmj(xi), j = 0, 1, 2 for brevity if it makes
no confusion. Then (3.28) implies
eikim0θ0Skim0(zˆ, xi) = Skim0(zˆ, xi),
eik0(m0+1)θ0Ski(m0+1)(zˆ, xi) = Ski(m0+1)(zˆ, xi).
By (1) in Proposition 3.2, we have eikiθ0 = 1. Then θ0 =
2π
ki
m holds for somem ∈ Z.
The rigid Hermitian metric on X implies that eiθ : X → X is an isometric map for
each θ. Thus, we have
(3.29) dist(yˆ, xi) = dist(e
i 2pi
ki
m ◦ zˆ, xi) = dist(ei
2pi
ki
m ◦ zˆ, ei 2pikim ◦ xi) = dist(zˆ, xi).
This implies yˆ ∈ U(xi) if the U(xi) we chose is a geodesic ball centered at xi. This
is a contradiction since Φm is an embedding on U(xi).
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case II: yˆ 6= eiθ ◦ zˆ, ∀0 < θ < 2π. We assume zˆ ∈ Wˆ (xi). Since Φm is an
embedding on U(xi), we must have yˆ 6∈ U(xi). Now we have a claim as follows
Claim: yˆ 6∈ ⋃
0≤θ<2π
eiθ ◦W (xi).
We prove the claim by seeking a contradiction. If it is not true, there exists a
zˆ1 ∈ W (xi) such that yˆ = eiθˆ ◦ zˆ1 holds for some θˆ ∈ [0, 2π). By (2) in Proposition
3.2 we have θˆ 6∈ I(xi, εi) and −1 ≤ cos kiθˆ ≤ 1− δi. Since
Skim1(yˆ, xi) = Skim1(zˆ, xi), Ski(m1+1)(yˆ, xi) = Ski(m1+1)(zˆ, xi),
we find
(3.30)
Ski(m1+1)(zˆ, xi)
Skim1(zˆ, xi)
= eikiθˆ
Ski(m1+1)(zˆ1, xi)
Skim1(zˆ1, xi)
.
From (3.30) we have
Rkim1(zˆ) + iIkim1(zˆ) = (cos kiθˆ + i sin kiθˆ)(Rkim1(zˆ1) + iIkim1(zˆ1))
which leads to
Rkim1(zˆ) = Rkim1(zˆ1) cos kiθˆ − Ikim1(zˆ1) sin kiθˆ.
Then we get
(3.31) 1−Rkim1(zˆ) = 1 + (1−Rkim1(zˆ1)) cos kiθˆ − cos kiθˆ + Ikim1(zˆ1) sin kiθˆ.
From (3.31) we have
|1−Rkim1(zˆ)| ≥ 1− cos kiθˆ − |1−Rkim1(zˆ1)| − |Ikim1(zˆ1)|.
By (3) in Proposition 3.2 we have
σ ≥ |1−Rkim1(zˆ)| ≥ 1− (1− δ0)− σ −
σ
8
,
that is
(2 +
1
8
)σ ≥ δ0.
This is contradiction with 0 < σ < δ0
100
. Thus we get the conclusion of the claim.
From the above claim and by (4) in Proposition 3.2, we have
|Skim2(zˆ, xi)| >
c
2
, |Skim2(yˆ, xi)| <
c
8
.
This is a contradiction with
Skim2(zˆ, xi) = Skim2(yˆ, xi).
Next, we assume yˆ, zˆ ∈ Xreg.
Case III: yˆ, zˆ ∈ Xreg and yˆ = eiθˆ ◦ zˆ for some θˆ ∈ [0, 2π). Choose canonical co-
ordinates (z, θ, ϕ) centered at some zˆ0 ∈ X and defined on a canonical local patch
D = {(z, θ) : |z| < ε, |θ| < π} such that in terms of the canonical coordinates,
zˆ = (0, θ1), yˆ = (0, θ2). Then we have θ2 − θ1 = θˆ. Let {fj}dmj=1 and {gj}dm+1j=1 be or-
thonormal bases ofH0b,m(X) andH
0
b,m+1(X), respectively. Then by the assumptions
on yˆm and zˆm we have
Sm(zˆm, yˆm) = Sm(zˆm, zˆm), Sm+1(zˆm, yˆm) = Sm+1(zˆm, zˆm).
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Without loss of generality, we assume zˆm, yˆm ∈ D for each m. Then in terms
of canonical local coordinates, we write zˆm = (zm, θm) and yˆm = (wm, ηm). By
Theorem 2.6 we have
Sm(zˆm, yˆm) =
1
2π
eim(θm−ηm+Φ(zm,wm))bˆ(zm, wm, m) +O(m−∞),
Sm+1(zˆm, yˆm) =
1
2π
ei(m+1)(θm−ηm+Φ(zm,wm))bˆ(zm, wm, m+ 1) +O(m−∞),
Sm(zˆm, zˆm) =
1
2π
bˆ(zm, zm, m) +O(m
−∞),
Sm+1(zˆm, zˆm) =
1
2π
bˆ(zm, zm, m+ 1) +O((m+ 1)
−∞).
(3.32)
We assume lim
m→∞
mImΦ(zm, wm) = M (M can be∞).
(a): Assume
lim
m→∞
mImΦ(zm, wm) = M ∈ (0,∞].
From Sm(zˆm, yˆm) = Sm(zˆm, zˆm) and (3.32) we have
eim(θm−ηm+Φ(zm,wm))bˆ(zm, wm, m) = bˆ(zm, zm, m) +O(m−∞).
Then we get
m−(n−1)|bˆ(zm, wm, m)|e−mImΦ(zm,wm) = m−(n−1)|bˆ(zm, zm, m) +O(m−∞)|.
Letting m→∞, we have
bˆ(0, 0) = e−M bˆ(0, 0),
that is bˆ(0, 0) = 0. Thus, we get a contradiction.
(b): Assume
(3.33) lim
m→∞
mImΦ(zm, wm) = 0.
From Sm+1(zˆm, yˆm) − Sm(zˆm, yˆm) = Sm+1(zˆm, zˆm) − Sm(zˆm, zˆm) combined with
(3.32) we have
m−(n−1)
∣∣∣eim(θm−ηm+Φ(zm,wm)) [ei(θm−ηm+Φ(zm,wm))bˆ(zm, wm, m+ 1)− bˆ(zm, wm, m)]∣∣∣
=m−(n−1)
∣∣∣bˆ(zm, zm, m+ 1)− bˆ(zm, zm, m)∣∣∣+O(m−∞).
Letting m→∞ and using (3.33), we have
|eiθˆbˆ(0, 0)− bˆ(0, 0)| = 0.
Hence, θˆ = 0 and zˆ = yˆ. Put
fm(t) =
|Sm(tzˆm + (1− t)yˆm, yˆm)|2
Sm(tzˆm + (1− t)yˆm, tzˆm + (1− t)yˆm)Sm(yˆm, yˆm) .
We have
fm(0) =
Sm(yˆm, yˆm)
2
Sm(yˆm, yˆm)2
= 1,
fm(1) =
|Sm(zˆm, yˆm)|2
Sm(zˆm, zˆm)Sm(yˆm, yˆm)
=
Sm(yˆm, yˆm)
2
Sm(yˆm, yˆm)Sm(yˆm, yˆm)
= 1.
(3.34)
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By the Schwartz inequality, we get 0 ≤ fm(t) ≤ 1. Then (3.34) implies that there
is a tm ∈ (0, 1) such that f ′m(tm) = 0 and f ′′m(tm) ≥ 0 holds. Hence, we get
(3.35) lim inf
m→∞
f
′′
m(tm)
|zm − wm|2m ≥ 0.
Then, making use of the same arguments as in [19]((4.22) in Theorem 4.7), we
have that (3.35) is impossible under the assumption (3.33).
Case IV: zˆ, yˆ ∈ Xreg, yˆ 6= eiθ ◦ zˆ for any θ ∈ [0, 2π). Choose a canonical local patch
D(zˆ) with canonical coordinates (z, θ, ϕ) centered at zˆ. Since zˆ ∈ Xreg, we can
apply Lemma 1.13 and have that D(zˆ) can be chosen such that D(zˆ) = {(z, θ) :
|z| < ε, |θ| < π} holds in terms of canonical coordinates. Let ε be sufficiently small
such thatD(zˆ) is S1-invariant. Since yˆ 6= eiθ◦zˆ for all θ ∈ [0, 2π), for ε small enough
we can choose a canonical local patch D(yˆ) such that D(yˆ) ∩ D(zˆ) = ∅ holds.
Choose two functions χ, χ1 ∈ C∞0 (X) satisfying χ = 1 in a small neighborhood of
D(zˆ) and χ1 = 1 in a small neighborhood of suppχ and suppχ ∩D(yˆ) = suppχ1 ∩
D(yˆ) = ∅. Choose χ0(w) ∈ C∞0 (Cn−1) such that suppχ0(w) ⋐ {w : |w| < 1} and∫
Cn−1 χ0(w)dv(w) = 1 hold. Furthermore, choose η0(y2n−1) ∈ C∞0 (−π, π) with∫ π
−π η0(y2n−1)dy2n−1 = 1. For any m ∈ N, set
(3.36) um(y) = m
n−1eim(y2n−1−θm−ReΦ(zm,w))η0(y2n−1)χ0(m(w − zm)) ∈ C∞0 (D(zˆ)).
Then we have
(3.37) Smum(yˆm) = χSmum(yˆm) + (1− χ)Smum(yˆm) = (1− χ)Smum(yˆm)
and
(3.38) (1− χ)Smum(yˆm) = (1− χ)Sχ1Qmum(yˆm) + (1− χ)S(1− χ1)Qmum(yˆm).
Since D(zˆ) is an S1-invariant subset and suppum ⋐ D(zˆ), we have suppQmum ⋐
D(zˆ). This implies
(3.39) (1− χ)S(1− χ1)Qmum(yˆm) = 0.
Then by the same arguments as in the proof of Lemma 2.3, we get
(3.40) (1− χ)Sχ1Qmum(yˆm) = O(m−∞).
Combining (3.37), (3.38), (3.39) and (3.40), we conclude
Smum(yˆm) = O(m
−∞).
On the other hand, we have
Smum(zˆm) =
mn−1
2π
∫
X
e−mImΦ(zm,w)bˆ(zm, w,m)χ0(m(w − zm))λ(w)dv(w) +O(m−∞)
=
1
2π
∫
{w∈Cn−1:|w|<1}
e−mImΦ(zm,
w
m
+zm)bˆ(zm,
w
m
+ zm, m)×
χ0(w)λ(
w
m
+ zm)m
−(n−1)dv(w) +O(m−∞).
Since ImΦ(zm,
w
m
+ zm) ≥ c0| wm |2 for some constant c0, we have −mImΦ(zm, wm +
zm)→ 0 uniformly on {w ∈ Cn−1 : |w| < 1} as m→∞. Letting m→∞ we have
lim
m→∞
Smum(zˆm) =
1
2π
bˆ(0, 0) 6= 0.
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This is a contradiction with the assumption Smum(zˆm) = Smum(yˆm).
Case V: zˆ ∈ Xreg, yˆ 6∈ Xreg. We have that yˆ 6= eiθ ◦ zˆ for all θ ∈ [0, 2π). Following
the same arguments as in Case IV, we find that this is impossible.
Thus, we get the conclusion of Theorem 3.3. 
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